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Abstract
Examples of a pseudocompact (even countably compact) G-space which is not G-Tychonoff and of a locally compact pseudo-
compact (even countably compact) G-Tychonoff space X with βGX = βX are constructed.
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1. Introduction and preliminaries
A G-space is a triple 〈X,G,α〉, where X is a topological space, G is a topological group, and α : G×X → X is a
continuous action. Basic information on G-spaces can be found in [1,3]; in particular, a function f : X → I is said to be
α-uniform if, for any ε > 0, there exists a neighborhood U of the identity element in G such that |f (x)− f (gx)| < ε
for any x ∈ X and g ∈ U . It is easy to see that.
Remark 1. For any G-space X and any α-uniform function f on X, there exists a Gδ-subset T ⊂ G containing the
identity element of G such that f (x) = f (gx) for any x ∈ X and g ∈ T .
A G-space is called G-Tychonoff if it admits an equivariant embedding into a compact G-space. The following
fact is due to J. de Vries and Yu. Smirnov.
Theorem 2. (See [1].) A Tychonoff G-space is G-Tychonoff if and only if the collection of α-uniform functions sepa-
rates points and closed sets.
J. de Vries posed the compactification problem: can every Tychonoff G-space be equivariantly embedded into a
compact Hausdorff G-space? An example constructed by M. Megrelishvili in [5] (see also [6]) answers de Vries’s
question negatively: there exists a Tychonoff G-space which is not G-Tychonoff. P. Palais [4] showed that the Alexan-
droff compactification αX of a locally compact G-space X is its G-compactification, and J. de Vries proved in [2]
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the maximal G-compactification βGX coincides with βX in this case. Thus, J. de Vries asked the question of when
βGX = βX [2]. In particular, is G-pseudocompactness sufficient? (A space X is G-pseudocompact if there exists no
locally finite family {Un}n∈N of disjoint open subsets of X, points xn ∈ Un, and a neighborhood U ∈NG(e) such that
Uxn ⊂ Un.)
In relation to G-compactifications of pseudocompact G-spaces, it is worth mentioning that N. Antonyan [7, The-
orem 2.10] showed that M. Tkacˇenko’s result [8] implies that if X is a pseudocompact G-space and the group G is
pseudocompact, then βGX = βX. The same result can also be deduced from results of E. Reznichenko [9, Theo-
rem 2.4].
A real-valued function on X is said to be bf -continuous if its restriction to each bounded subset in X (a subset
A ⊂ X is bounded if the restriction to A of each continuous real-valued function on X is bounded) has a continuous
extension to X. A space X is called a bf -space if each bf -continuous function on X is continuous. The class of bf
spaces contains the classes of pseudocompact spaces and k-spaces. It was shown by F. González and M. Sanchis
[10] that if the phase space X is pseudocompact and the acting group G is a bf -group, then X is G-Tychonoff and
βGX = βX.
In this paper, we construct an example of a countably compact G-space which is not G-Tychonoff and an example
of a locally compact countably compact G-space X with βGX = αX = βX. We use the following characterization of
the maximal G-compactification due to N. Antonyan and S.A. Antonyan.
Theorem 3. (See [11].) A compactification bX of a G-space X is equivalent to βGX if and only if any α-uniform
function on X can be extended to bX.
In what follows, by spaces we understand Tychonoff spaces, and by maps continuous maps. Subsets A and B of X
are separated if there is a function f : X → I such that A ⊂ f −1(0) and B ⊂ f −1(1). By ω1 we denote the space of
countable ordinals with the order topology, by Homeo+(I) the group of orientation-preserving homeomorphisms of
the unit interval, and by NG(e) the family of open neighborhoods of the identity element in G.
2. An example of a countably compact G-Tychonoff space X with βGX = βX
As in [5], let H be the subgroup of Homeo+(I) consisting of homeomorphisms fixing each point of the form 1/n,
where n ∈ N, in the compact-open topology (in this case, the compact-open topology coincides with the topology of
uniform convergence [12, 8.2.7]). As R. Arens showed in [13], this is (the weakest) admissible topology (i.e., such
that the action H × I → I is continuous) on H . Let α1 be the corresponding action of the group H on I.
The desired group G is the subgroup of Hω1 defined as follows. A point g = {gτ }τ∈ω1 ∈ Hω1 is an element of
G if and only if the function ω1 → H which takes τ ∈ ω1 to gτ ∈ H is continuous. In what follows, we treat the
coordinates of g = {gτ }τ∈ω1 both as elements of H and as self-homeomorphisms of the unit interval I.
Claim 4. The set G is a group.
Proof. To see that G is a group, it is sufficient to show that, for any elements g,g′ of G, the points g−1 and gg′
are also elements of G. Since the topology on H is the topology of uniform convergence, this is equivalent to the
requirement that if o, oi ∈ ω1 for i ∈ N, limoi = o, and g,g′ : ω1 → H are the corresponding maps, then the sequence
g−1oi converges uniformly to g
−1
o (notation g−1oi ⇒ g−1o ) and goi g′oi ⇒ gog′o.
The following fact can be found in [14, Theorem 2.1]: If f : I → I is a homeomorphism, f −1 is uniformly con-
tinuous, and fi ⇒ f , then f−1i ⇒ f −1. Since g−1o is uniformly continuous (as a self-homeomorphism of the compact
space I) and goi ⇒ go, it follows that g−1oi ⇒ g−1o . Hence G contains the inverses of its points.
Let us show that goi g′oi ⇒ gog
′
o. Since g′oi ⇒ g
′
o, it follows that, for any ε > 0 there is an i′ ∈ N such that ‖g′ok −
g′o‖ < ε/2 for each k > i′. The uniform continuity of g′o implies the existence of a δ < ε/2 such that |g′o(x)−g′o(y)| <
ε/2 for any x, y ∈ I with |x − y| < δ. Since goi ⇒ go, there is an i′′ ∈ N such that ‖gok − go‖ < δ for each k > i′′.
Thus, for any x ∈ I and k > max{i′, i′′}, we have
∣∣gokg
′
o (x) − gog′o(x)
∣∣
∣∣gokg
′
o (x) − gog′o (x)
∣∣+ ∣∣gog′o (x) − gog′o(x)
∣∣ ε.k k k k
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∏
α<ω1
Uα , where Uα is
open in H , α < ω1, and |{α < ω1: Uα = H }| ω.
We put Y = ω1 × I and define an action φ of G on Y by
φ
(
g, (γ, x)
) = (γ,α1(gγ , x)
) = (γ,gγ (x)
)
,
where g = {gτ }τ∈ω1 ∈ G, γ ∈ ω1, and x ∈ I.
Claim 5. The action φ is continuous.
Proof. Let us show that, for each g ∈ G, the map x 
→ φ(g, x) is a homeomorphism. Since the inverse map has the
same form (it is defined by x 
→ φ(g−1, x)), it suffices to prove that the map x 
→ φ(g, x) is open for any g ∈ G.
Suppose the opposite. Then there exists a point y = (τ, t) ∈ Y , its neighborhood O of the form (τ ′, τ ] × (ε1, ε2), and
sequences of τi, ti , where i ∈ N, such that (τi, ti ) → φ(g, y) = (τ, gτ (t)) and (τi, ti) /∈ φ({g} × O). Therefore gτ has
a neighborhood disjoint from gτi (in the compact-open topology on H ). This contradicts the definition of G. Hence,
for any g ∈ G, the map x 
→ φ(g, x) is a homeomorphism.
To prove the continuity of the action, it remains to show that it is continuous at the identity of the group. Suppose
that (τ, ε) ∈ U = (τ1, τ2) × (ε1, ε2) ⊂ Y . Let us show that φ−1(U) contains the product of some open neighborhood
of the identity e in G and an open neighborhood of (τ, ε). Since α1 is continuous, it follows that there exists a
neighborhood (ε′1, ε′2) ⊂ I and an O ∈NH (e) such that α1(O × (ε′1, ε′2)) ⊂ (ε1, ε2). Let O ′ ∈NG(e) be the set of all
elements {gτ }τ∈ω1 from G such that gτ ∈ O for τ ∈ (τ1, τ2). Then
φ
(
O ′ × ((τ1, τ2) × (ε′1, ε′2)
))⊂ U,
which proves the continuity of the action.
Remark 6. If o ∈ ω1 is an isolated ordinal, then, for each h ∈ H , the element g = {gτ }τ∈ω1 ∈ Hω1 such that go = h
and gτ = 1I (1I is the identity element of H or, equivalently, the identity map on I) for τ = o, belongs to G.
Theorem 7. There is a locally compact countably compact G-Tychonoff space Y such that βGY = αY = βY .
Proof. The G-space 〈Y,G,φ〉 is as desired. According to Theorem 3, in order to prove this, it suffices to show that
any φ-uniform function f : Y → I can be extended to αY , or, equivalently, that there exists a γ < ω1 such that
f (γ ′, t ′) = f (γ ′′, t ′′) for any γ ′, γ ′′ > γ and t ′, t ′′ ∈ I.
Since the function f is continuous and I is separable, it follows that there exists a γ < ω1 such that f (γ ′, t) =
f (γ ′′, t) for any γ ′, γ ′′ > γ and t ∈ I.
Remark 1 implies the existence of a Gδ-set T ⊂ G such that it contains the identity element of G and f (y) = f (gy)
for any y ∈ Y and g ∈ T .
It is easy to see that the Gδ-set T contains a subset of the form
∏
α<ω1
Tα ∩G, where each Tα either is the identity
element of H or coincides with H and |{α < ω1: Tα = H }| ω. Let δ = max{α < ω1: Tα = H }.
If o > max{γ, δ} is an isolated ordinal, then, for any h ∈ H , the element g = {gτ }τ∈ω1 defined by go = h and
gτ = 1I for τ = o (as in Remark 6) belongs to T . Hence f (o, t) = f (o,ht) for any t ∈ I and h ∈ H . Thus, |f ({o} ×
(1/(n + 1),1/n))| = 1, and the continuity of f implies |f ({o} × [1/(n + 1),1/n])| = 1. Hence the function f (o, ·) :
I → I is continuous and constant on each segment [1/(n + 1),1/n] with n ∈ N and, therefore, constant everywhere.
Finally, f (γ ′, t ′) = f (γ ′′, t ′′) for any γ ′, γ ′′ > γ and t ′, t ′′ ∈ I.
Remark 8. The equality βGY = αY remains valid when the group Homeo+(I) instead of H is taken; the proofs of
Claims 4 and 5 and Theorem 7 do not require any changes (unlike that of Claim 9).
3. An example of a countably compact G-space X which is not G-Tychonoff
Let X be the quotient space of Y by the equivalence relation
(τ,0) ∼ (τ ′,0) for τ, τ ′ ∈ ω1
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x ∈ X and a neighborhood U of π−1x, there exists a neighborhood V of x in X for which π−1(V ) ⊂ U . This follows
from the fact that any neighborhood of ω1 × {0} contains a set of the form ω1 × (0, ε): assuming the contrary, we
obtain a sequence of points from the complement to the given neighborhood with a limit point in ω1 × {0}. Thus,
the space X is normal as the continuous image of a normal space under a closed map and countably compact as a
continuous image of a countably compact space. An action α of G on X is defined by ([·] denotes an equivalence
class)
α
(
g,
[
(γ, x)
])= [(γ,α1(gγ , x)
)] = [(γ,gγ (x)
)]
,
where g = {gτ }τ∈ω1 ∈ G, γ ∈ ω1, and x ∈ I. Since the subset ω1 × {0} ⊂ Y is invariant, the action is well defined.
Claim 9. The action α is continuous.
Proof. The continuity of α at the points of Z = X \ {[(0,0)]} follows from the continuity of φ and the equality
φ|G×Z = α|G×Z : G × Z → Z. The point [(0,0)] has the invariant neighborhood base consisting of the sets ω1 ×
[0,1/k). So if U is an open neighborhood of [(0,0)] in X and π(ω1 × [0,1/k)) ⊂ U , then α−1(U) ⊃ α−1π(ω1 ×
[0,1/k)) ⊃ G × π(ω1 × [0,1/k)). Hence the action is continuous.
The following statement is evident.
Claim 10. If f is an equivariant map of a G-space 〈X1,G,ϑ1〉 to a G-space 〈X2,G,ϑ2〉 and ϕ is a ϑ2-uniform
function on X2, then the function ϕf is ϑ1-uniform on X1.
Lemma 11. Suppose that f is an equivariant map of a G-space 〈X1,G,ϑ1〉 to a G-space 〈X2,G,ϑ2〉, A and B
are closed separated subsets of X1, and |f (A)| = 1. If [A]βGX1 ∩ [B]βGX1 = ∅, then the space 〈X2,G,ϑ2〉 is not
G-Tychonoff.
Proof. Suppose that 〈X2,G,ϑ2〉 is G-Tychonoff. Then Theorem 2 ensures the existence of a ϑ2-uniform map ϕ :
X1 → I for which A ⊂ (ϕf )−1(0) and B ⊂ (ϕf )−1(1). By Claim 10, ϕf is a ϑ1-uniform map which separates A and
B . Thus, [A]βGX1 ∩ [B]βGX1 = ∅. This contradicts the conditions of the lemma.
Theorem 12. There exists a countably compact G-space which is not G-Tychonoff.
Proof. The desired G-space is 〈X,G,α〉. The proof directly follows from Lemma 11 in which X1 = Y , X2 = X,A =
ω1 × {0}, and B = ω1 ×{1} and the fact that the closures of both sets A and B in βGX1 = βGY must contain the only
point of βGY \ Y .
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